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On the Existence of Flight Equilibria in Longitudinal Dynamics
Daniele Pucci
Abstract—Any control law for aircraft asymptotic stabiliza-
tion requires the existence of an equilibrium condition, also
called trim flight condition. At a constant velocity flight, for
instance, there must exist an aircraft orientation such that
aerodynamic forces oppose the plane’s thrust plus weight, and
the torque balance equals zero. A closer look at the equations
characterizing the trim conditions point out that the existence
of aircraft equilibrium configurations cannot be in general
claimed beforehand. By considering aircraft longitudinal linear
dynamics, this paper shows that the existence of flight trim
conditions is a consequence of the vehicle shape or aerodynam-
ics. These results are obtained independently from the aircraft
flight envelope, and do not require any explicit expression of
the aerodynamics acting on the vehicle.
Index Terms—Trim Conditions, Longitudinal Dynamics
I. INTRODUCTION
The emergence of versatile flying robots renewed the in-
terest of the control community for flight control techniques.
Scale rotary-wing (e.g. quad-rotors) and fixed-wing (e.g.
small airplanes) aerial robots represent, in fact, affordable
platforms for testing modern control methods. One of the
main challenges for these methods is the (usually) large
flight envelope of aerial robots. Fixed-wing flying robots,
for instance, can often accomplish both vertical-take-off
and horizontal high-velocity cruising, thus flying in very
large flight envelopes. Hence, the methods aimed at flight
stabilization of aerial robots inherit most of challenges that
have been addressed separately for helicopters and airplanes,
and require to work out general principles that little depend
on the aircraft flight condition. This paper presents the
first global results on the existence of aircraft equilibrium
configurations for any flight envelope and without the need
of the specific aerodynamics acting on the vehicle.
The application of Newton-Euler equations to the aircraft
vertical plane yields the following model, which has been
extensively used for aircraft flight control and analysis in
various scenarios and contexts [1, p. 166, p. 452], [2], [3]:
m~a = ~Fa(~v, θ, t) +m~g + ~T (θ), (1a)
Iaθ¨ = Ma +MT , (1b)
with ~a and θ¨ the body linear and angualr acceleration, ~v and θ
its velocity and orientation, m and Ia the aircraft mass and
inertia, ~Fa and Ma the aerodynamic forces and moments,
and ~T and MT the force and moment produced by vehicle’s
thrust – see also Figure 1. Often, the inputs are the thrust
intensity |~T | and some control surfaces influencing Ma.
At the equilibrium configuration, also called trim con-
dition, the control inputs make Eq. (1) satisfied along the
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Fig. 1. Propelled vehicle subject to aerodynamic forces.
desired trajectory. For instance, at cruise horizontal flight,
both left hand sides of Eq. (1) equal zero. Rendering these
equations equal to zero, however, is in general far from obvi-
ous, all the more so because both the thrust and aerodynamic
effects depend upon the vehicle orientation.
The existence of trim flight conditions is often deduced
while seeking for the condition itself. A common procedure
for doing so is to evaluate Eq. (1) in specific flight envelopes.
For instance, common assumptions are small angles of attack
[1, p. 123] or small aircraft velocities [3], which in turn
yield either linear or negligible aerodynamics, respectively.
Although numerical methods for finding trim conditions
exist [4], [5], analytical characterizations of aircraft equilib-
rium existence irrespective from flight envelopes and aircraft
shapes are still missing to the best of the author knowledge.
This paper complements our previous work [6], [7], [8]
by investigating thoroughly the problem of the existence of
aircraft trim conditions. In the same framework, we consider
aircraft longitudinal linear dynamics only, i.e. Eq. (1a), so
that we can work out general principles independently of
the aircraft torque actuation specifities. We here show that
symmetric aircraft shapes induce the existence of an equilib-
rium condition when the thrust force is parallel to the axis
of symmetry. In addition, we show that bi-symmetric shapes
also ensure the existence of a positive thrust force at the
equilibrium independently of the thrust direction with respect
to the aircraft. These results are obtained independently from
flight regime and envelope, and do not require any expression
of the aerodynamics on the vehicle. For symmetric aircraft,
we also show that the trim condition existence can be a
consequence of the aerodynamic stall.
The paper is organized as follows. Section II provides
notation and background. Section III states the addressed
problem. Section IV presents the results on trim conditions
existence. Remarks and perspectives conclude the paper.
II. BACKGROUND
A. Notation
• The ith component of x ∈ R
n is denoted as xi.
• I = {O;~ı0, ~0} is an inertial frame with respect to
(w.r.t.) which the vehicle’s absolute pose is measured.
• B = {G;~ı,~} is a frame attached to the body, and ~ı
is parallel to the thrust ~T . This leaves two possible and
opposite directions for~ı. The direction chosen here , i.e.
~T = −T~ı with T ∈ R, is consistent with the convention
used for VTOL vehicles.
• For the sake of brevity, (x1~ı+x2~) is written as (~ı,~)x.
• {e1, e2} is the canonical basis in R
2, I the (2 × 2)
identity matrix, ~x · ~y the scalar product between ~x, ~y.
• Given a function of time f : R→Rn, its first time
derivative is denoted as d
dt
f = f˙ .
• G is the body’s center of mass, ~p := ~OG = (~ı0, ~0)x
denotes the body’s position. ~v = d
dt
~p = (~ı0, ~0)x˙ =
(~ı,~)v denotes the the body’s linear velocity, and ~a =
d
dt
~v the linear acceleration.
• The vehicle orientation is given by the angle θ between
~ı0 and ~ı. The rotation matrix of θ is R(θ). The column
vectors of R are the vectors of coordinates of ~ı,~ in I.
The matrix S = R(π/2) is a unitary skew-symmetric
matrix. The body’s angular velocity is ω := θ˙.
B. Aerodynamic forces
Steady aerodynamic forces at constant Reynolds and Mach
numbers can be written as follows [9, p. 34]
~Fa = ka|~va|
[
cL(α)~v
⊥
a − cD(α)~va
]
, (2)
with ka:=
ρΣ
2 , ρ the free stream air density, Σ the character-
istic surface of the vehicle’s body, cL(·) the lift coefficient,
cD(·) > 0 the drag coefficient (cL and cD are called
aerodynamic characteristics), ~va = ~v − ~vw the air velocity,
~vw the wind’s velocity, ~v
⊥
a obtained by rotating the vector ~va
by 90◦ anticlockwise, i.e. ~v⊥a = va1~−va2~ı, and α the angle
of attack. This latter variable is here defined as the angle
between the body-fixed zero-lift direction ~zL, along which
airspeed does not produce lift, and the airspeed ~va, i.e.
α := angle(~va, ~zL). (3)
The model (2) neglects the so-called unsteady aerodynam-
ics, e.g., the flow pattern effects induced by fast angular
velocity motions [1, p.199]. This assumption is commonly
accepted in the robotics literature dealing with large flight-
envelope control [10], [11], [12], [13], [14], [15]: in fact,
building global, unsteady aerodynamic models for on-line
control purposes is still a challenge even for the specialized
aerodynamic literature [16], [17].
Now, denote the constant angle between the zero-lift
direction ~zL and the thrust ~T as δ, i.e. δ := angle(~zL, ~T ),
and the angle between the gravity ~g := g~ı0 and ~va as γ, i.e.
γ := angle(~ı0, ~va). Then, one has (see Figure 1):
α = θ − γ + (π − δ), (4)
va1 = − |~va| cos(α+ δ) (5a)
va2 = |~va| sin(α+ δ). (5b)
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Fig. 2. Examples of symmetric and bisymmetric bodies.
1) Symmetric shapes: To characterize two kinds of shape
symmetries and their properties, let Bz = {Z;~ız, ~z} be an
orthonormal frame, and P a point of the body surface S –
see Figure 2. Consider the vector ~ZP and its expression w.r.t.
the frame Bz , i.e. ~ZP := x~ız + y~z, with x, y ∈ R. Then,
symmetric and bisymmetric shapes satisfy what follows.
Assumption 1 (Symmetry). There exists a choice for the
frame Bz such that the point Ps defined by the vector ~ZP s =
x~ız−y~z belongs to S for any point P of the surface S. Then,
the shape is said to be symmetric, with axis of symmetry
given by {Z,~ız}.
Assumption 2 (Bisymmetry). There exists a choice for the
frame Bz such that the point Pbs defined by ~ZP bs = −x~ız−
y~z belongs to S for any point P of the surface S. Then,
the shape is said to be bisymmetric, with axes of symmetry
given by {Z,~ız} and {Z,~z}.
We assume that an axis of symmetry identifies two zero-
lift-directions. Then, we choose the zero-lift-direction ~zL
in (3) parallel to an axis of symmetry, which implies that
cL(0) = cL(π) = 0. Note that this choice still leaves two
possible and opposite directions for the definition of the
vector ~zL, which in turn may reflect in two possible values
of the angle δ. Without loss of generality, the direction here
chosen is that minimizing the angle δ.
In light of the above, a symmetric shape induces aerody-
namic characteristics cD(α) and cL(α) that are even and odd
functions, respectively.
Property 1. If the body shape S is symmetric and the zero-
lift-direction ~zL is parallel to the axis of symmetry, then
cD(α) = cD(−α), cL(α) = −cL(−α), ∀α, (6a)
cL(0) = cL(π) = 0. (6b)
Bisymmetric shapes have an additional symmetry about
the axis ~z , thus implying the invariance of the aerodynamic
forces w.r.t. body rotations of ±π. Then, the aerodynamic
characteristics of bisymmetric shapes are π−periodic func-
tions versus the angle α.
Property 2. If the body shape S is bisymmetric and the
zero-lift-direction ~zL is parallel to an axis of symmetry, then
the aerodynamic coefficients satisfy (6) and
cD(α) = cD(α± π), cL(α) = cL(α± π), ∀α. (7)
III. PROBLEM STATEMENT
Assume that the control objective is the asymptotic sta-
bilization of a reference velocity. Let ~vr(t) denote the
differentiable reference velocity, and ~ar(t) its time derivative,
i.e. ~ar(t) = ~˙vr(t). Now, define the velocity error as follows
~ev := ~v − ~vr. (8)
Using System (1) one obtains the following error model
m~˙ev = ~F − T~ı, (9a)
θ˙ = ω, (9b)
with ~F the apparent external force defined by
~F := m~g + ~Fa −m~ar. (10)
Eq. (9a) indicates that the condition ~ev ≡ 0 requires
T~ı(θ) = ~F (~vr(t), θ, t), ∀t, (11)
which in turn implies
T = ~F (~vr(t), θ, t) ·~ı(θ), (12a)
0 = ~F (~vr(t), θ, t) · ~(θ) ∀t. (12b)
The existence of an orientation θ such that Eq. (12b) is
satisfied cannot be ensured a priori. In fact, the apparent
external force ~F depends on the vehicle’s orientation, and
any change of this orientation affects both vectors ~F and ~.
The dependence of the apparent force ~F upon the orienta-
tion θ comes from the dependence of the aerodynamic force
~Fa upon α (see Eqs. (2) and (4)).
Hence, in view of Eq. (12b), we state the definition next.
Definition 1. An equilibrium orientation θe(t) is a time
function such that Eq. (12b) is satisfied with θ = θe(t).
The existence of an equilibrium orientation is a necessary
condition for the asymptotic stabilization of a reference
velocity. Note, however, that a reference velocity ~vr(t)
may induce several equilibrium orientations. To classify the
number of these orientations, define the set Θ~vr(t) as
Θ~vr (t):=
{
θe(t)∈S
1 : ~F (~vr(t), θe(t), t) · ~(θe(t))=0
}
. (13)
Remark that given an equilibrium orientation θe(t), the
thrust intensity T at the equilibrium configuration is given
by Eq. (12a) with θ = θe(t). The existence of an equilibrium
orientation ensuring a positive thrust is of particular impor-
tance, since positive-thrust limitations represent a common
constraint when considering aerial vehicle control and plan-
ning. To characterize this existence, define
Θ+~vr (t):=
{
θe(t) ∈ Θ~vr(t) :
~F (~vr, θe, t) ·~ı(θe) ≥ 0
}
. (14)
IV. EXISTENCE OF EQUILIBRIUM ORIENTATIONS
We know from experience that airplanes do fly. So, given
a reference velocity, the equilibrium orientation should exist
in most cases. One may then conjecture that the existence
of equilibrium orientations follows from aerodynamic prop-
erties that hold independently of the body’s shape, alike the
passivity of aerodynamic forces. In particular, the (steady)
aerodynamic force always resists the relative motion of the
body, and one may believe that this general property induces
the existence of flight equilibria. Next lemma, however,
shows that the passivity of aerodynamic forces is not a suffi-
cient condition for the existence of equilibrium orientations.
Lemma 1. The passivity of the aerodynamic force, i.e.
~va · ~Fa(~va, α) ≤ 0, ∀(~va, α), (15)
is not a sufficient condition for the existence of an equilib-
rium orientation.
The proof is given in the Appendix. Another route that we
may follow to conclude about the existence of an equilibrium
orientation is considering specific classes of body’s shapes.
The theorem next presents results on the equilibrium orien-
tation existence by considering symmetric and bisymmetric
shapes as defined in Section II-B.1.
Theorem 1. Assume that the aerodynamic coefficients cL(α)
and cD(α) are continuous functions, and that the reference
velocity is differentiable, i.e. ~vr(t) ∈ C¯
1.
i) If the body shape is symmetric and the thrust is parallel
to the its axis of symmetry, then there exist at least two
equilibrium orientations for any reference velocity, i.e.
cardinality(Θ~vr (t)) ≥ 2 ∀t, ∀~vr(t) ∈ C¯
1.
ii) If the body’s shape is bisymmetric, then there exists at
least one equilibrium orientation ensuring a positive-
semidefinite thrust for any reference velocity, i.e.
cardinality(Θ+~vr (t)) ≥ 1 ∀t, ∀~vr(t) ∈ C¯
1,
whatever the (constant) angle δ between the zero-lift
direction and the thrust force.
The proof is given in the Appendix. Theorem 1 points out
that the existence of an equilibrium orientation follows from
the symmetry properties of the body’s shape, independently
of its aerodynamics and specific families of reference veloc-
ities. More specifically, Item i) asserts that for symmetric
body’s shapes powered by a thrust force parallel to their
axis of symmetry, e.g. δ = 0, the existence of (at least)
two distinct equilibrium orientations is guaranteed for any
reference velocity. Item ii) states that the bisymmetry of
the shape implies the existence of an equilibrium orientation
independently of the thrust direction with respect to the
body, i.e. the angle δ. Of most importance, this item points
out that the shape’s bisymmetry implies the existence of
an equilibrium orientation inducing a positive-semidefinite
thrust intensity independently of reference trajectories.
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Fig. 3. Aerodynamic coefficients of NACA 0021 (length l = 0.91m, chord
c = 0.15m, Reynolds and Mach numbers of Re = 16 · 10
4, M = 0.3).
Now, assume that the body’s shape is symmetric and
not bisymmetric. If the thrust force is not parallel to the
shape’s axis of symmetry, the assumptions of Theorem 1 are
not satisfied and the existence of an equilibrium orientation
cannot be asserted. Yet, common sense makes us think that
an equilibrium orientation still exists.
By considering symmetric shapes, the next theorem states
conditions ensuring the existence of an equilibrium ori-
entation independently of reference velocities and thrust
directions w.r.t. the body’s zero-lift direction.
Theorem 2. Consider symmetric shapes. Assume that the
aerodynamic coefficients cL(α) and cD(α) are continuous
functions, and that cD(π) > cD(0). If there exists an angle
αs ∈ (0, π/2) such that cL(αs) > 0 and
tan(αs) ≤
cD(αs)− cD(π)
cL(αs)
, (16)
then there exists at least one equilibrium orientation for any
reference velocity, i.e.
cardinality(Θ~vr (t)) ≥ 1 ∀t, ∀~vr(t) ∈ C¯
1,
whatever the (constant) angle δ between the zero-lift direc-
tion and the thrust force.
The proof is given in the Appendix. Theorem 2 requires
some knowledge of the body’s aerodynamic coefficients to
assert the existence of the equilibrium orientation. The key
hypothesis in Theorem 2 is the existence of an angle αs such
that the condition (16) is satisfied. Seeking for this angle
requires some aerodynamic data, and it may be airfoil and
flow regime dependent. Recall, however, that stall phenom-
ena (see, e.g., Figure 3) involve rapid, usually important,
lift decreases and drag increases. Then the likelihood of
satisfying the condition (16) with αs belonging to the stall
region is very high. We verified that Theorem 2 indeed
applies with αs belonging to the stall region for the NACA
airfoils 0012, 0015, 0018, and 0021 at M = 0.3 and several
Reynolds numbers (data taken from [18]).
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V. CONCLUSIONS
This paper addressed the problem of finding conditions en-
suring flight equilibria in longitudinal dynamics, also called
aircraft trim conditions. The results presented here hold for
any aircraft flight envelop and aerodynamics, and mainly
depend on the geometric properties of the vehicle shape only.
A major difficulty when seeking for the existence of
trim conditions comes from the dependence of aerodynamics
upon the vehicle orientation – see [19] for details. In fact,
any change of this orientation induces a change of both
the vehicle aerodynamics and thrust, which renders the
possibility of satisfying the equations of motion along the
desired trajectory not obvious. What we have shown is that
aircraft trim conditions exist in most cases if the airfoil is
quasi-symmetric, and this existence is independent from the
flight envelope and thrust direction relative to the body.
To work out general principles, the existence of trim con-
ditions is here investigated only for linear longitudinal flight
dynamics, so the specific torque actuation of the vehicles
is not taken into account. In other words, we present here
necessary conditions for the existence of trim conditions,
which should be then verified for the specific aircraft angular
dynamics that depends on the vehicle actuation specifities.
Extensions of this work concern the analysis of the trim
condition for specific classes of vehicles. Another future
direction is clearly the extension to the three-dimensional
case, and eventually to flying multi-body robots [20], [21]
that would involve more complex aerodynamics effects.
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APPENDIX
First, let us state some quantities and principles use-
ful for all proofs. Let ~F = (~ı0, ~0)F , ~Fa = (~ı0, ~0)Fa,
~g = (~ı0, ~0)ge1, ~ = (~ı0, ~0)Re2, ~vw = (~ı0, ~0)x˙w,
~vr = (~ı0, ~0)x˙r , ~ar = (~ı0, ~0)x¨r , and ~va = (~ı0, ~0)x˙a.
Then, note that the existence of an equilibrium orientation
such that (12b) holds is equivalent to the existence, at any
fixed time t, of one zero of the following function
ft(θ) := F
T (x˙r(t), θ, t)R(θ)e2, (17)
where
F (x˙, θ, t) = Fgr(t) + Fa(x˙a, α(x˙a, θ)), (18a)
Fgr := mge1 −mx¨r, (18b)
Fa = ka|x˙a|[cL(α)S − cD(α)I]x˙a, (18c)
x˙a = x˙− x˙w, (18d)
α = θ − γ + (π − δ) (18e)
γ = atan2(x˙a2 , x˙a1). (18f)
PROOF OF LEMMA 1
In coordinates, the aerodynamic force passivity (15) writes
x˙Ta Fa ≤ 0 ∀(x˙a, α). (19)
To show that (19) does not in general imply the existence of
an equilibrium orientation, it suffices to find an aerodynamic
force satisfying (19) such that (17) never crosses zero for
some reference and wind velocities at a time instant. Choose{
cL(α) = sin(α)
cD(α) = c0 + 1− cos(α) > 0, ∀α,
(20)
with c0 > 0. It is then straightforward to verify that the
aerodynamic force given by (18c) with the coefficients (20)
satisfies (19); in addition, note also that cL(0) = cL(π) = 0.
Since the vector F on the right hand side of (17) is evaluated
at the reference velocity, we have to evaluate the quantities
(18) at x˙r . Let us assume that
A1: the thrust force is perpendicular to the zero lift
direction so that δ = π/2;
A2: there exists a time t¯ such that
i) the reference and wind velocities imply
γ(x˙r(t¯)−x˙w(t¯))=π/2 and ka|x˙r(t¯)−x˙w(t¯)|
2=1;
ii) the reference acceleration x¨r(t¯) implies
Fgr1(t¯) = 0 and Fgr2 (t¯) = c0 + 1.
By evaluating the angle of attack (18e) at the reference
velocity with A1 and A2i, one verifies that α(t¯) = θ. Then,
(17) at t = t¯ becomes ft¯(θ) = [Fgr2 (t¯)−cD(θ)] cos(θ) +
[cL(θ)−Fgr1(t¯)] sin(θ). In view of the aerodynamic coeffi-
cients (20) and A2ii, one has ft¯(θ) ≡ 1 6= 0. Hence, there
exists an aerodynamic force that satisfies (19) but for which
there does not exist an equilibrium orientation.
PROOF OF THEOREM 1
Proof of the item i)
Assume that the thrust force is parallel to the zero-lift-line
so that δ = 0. The existence of the equilibrium orientation
for δ = π can be proven using the same arguments as
those below. Now, in view of Eqs. (5), x˙a = R(θ)va,
S = RT (θ)SR(θ), and of δ = 0, one verifies that (17) is
ft(θ) = F
T
gr(t)R(θ)e2
− ka|x˙rw(t)|
2[cL(αr) cos(αr) + cD(αr) sin(αr)],
where Fgr(t) is given by (18b) and
αr(θ, t) = θ − γr(t) + π, (21)
γr(t) = atan2(x˙rw2 , x˙rw1), (22a)
x˙rw(t) := x˙r(t)− x˙w(t). (22b)
It follows from (21) that at any time t there exists an
orientation θ0(t) such that θ = θ0(t) yields αr(t) = 0, i.e.
θ = θ0(t) = γr(t)− π ⇒ αr(t) = 0.
Then, θ = θ0(t) + π yields αr(t) = π and θ = θ0(t) − π
yields αr(t) = −π. Since it is assumed that the body shape
is symmetric, then (6b) holds. Thus, Eq. (21) yields
ft(θ0(t) + π) = ft(θ0(t)− π) = −ft(θ0(t)) (23)
because eT2 R
T (θ0 + π)Fgr(t) = e
T
2 R
T (θ0 − π)Fgr(t) =
−eT2 R
T (θ0)Fgr(t). In view of (23), the proof of the exis-
tence of (at least) two zeros of the function ft(θ) at any
fixed time t, and thus of two equilibrium orientations, is
then a direct application of the intermediate value theorem.
In fact, by assumption, ft(θ) is continuous versus θ (cL and
cD are continuous) and defined ∀t (x˙r is differentiable).
These two zeros, denoted by θe1(t) and θe2(t), belong to
θe1(t) ∈ [θ0(t)− π, θ0(t)] and θe2(t) ∈ [θ0(t), θ0(t) + π].
Remark The key assumption for the above is cL(0) =
cL(π) = 0. Hence, drag forces have no role in the existence
of an equilibrium orientation of symmetric shapes with a
thrust force parallel to their axis of symmetry. If the thrust
force is not parallel to the axis of symmetry, one shows that
cL(0) = cL(π) = 0 is no longer sufficient to ensure the
equilibrium orientation existence1.
1Use the same counterexample used to prove Lemma 1.
Proof of the item ii)
Under the assumption of bisymmetric bodyshape, Eqs. (7)
hold, i.e. cD(α) = cD(α±π) ∀α, cL(α) = cL(α±π) ∀α.
In view of (18c), this aerodynamic property implies
Fa(x˙a, α) = Fa(x˙a, α±π). Consequently, using the expres-
sion of the angle of attack in (18e), one verifies that the
apparent external force given by (18a) satisfies
F (x˙, θ, t) = F (x˙, θ ± π, t) ∀(x˙, θ, t). (24)
In turn, it is straightforward to verify that the function ft(θ)
given by (17) satisfies, at any time t, the following
ft(θ + π) = ft(θ − π) = −ft(θ) ∀θ. (25)
Then, analogously to the proof of the Item 1), the existence
of at least two equilibrium orientations θe1(t) and θe2(t) such
that ft(θe1 (t)) = ft(θe2(t)) = 0 can be shown by applying
the intermediate value theorem.
Observe that Eqs. (25) imply that if θe1(t) is an equi-
librium orientation, i.e. ft(θe1(t)) = 0 ∀t, then another
equilibrium orientation is given by θe2(t) = θe1(t) + π.
Now, to show that there always exists an equilibrium orien-
tation ensuring a positive-semi definite thrust intensity, from
Eq. (12a) observe that the thrust intensity at the equilibrium
point is given by Te = F
T (x˙r(t), θe(t), t)R(θe(t))e1. Then,
it follows from (24) that if the thrust intensity is negative-
semi definite at t along an equilibrium orientation, i.e.
Te(x˙r(t), θe1(t), t) ≤ 0, then it is positive-semi definite at
θe2(t)=θe1(t)+π, i.e. Te(x˙r(t), θe1 (t) + π, t) ≥ 0. Hence,
one can always build up an equilibrium orientation θe(t)
associated with a positive-semi definite thrust intensity.
PROOF OF THEOREM 2
First, observe that if sin(δ) = 0, then the equilibrium
orientation existence follows from Theorem 1 since the thrust
force is parallel to the zero-lift-direction. Hence assume that
sin(δ) 6= 0. (26)
Recall that the equilibrium orientation existence is equivalent
to the existence, at any fixed time t, of one zero of the
function ft(θ) given by (17). In view of (5), x˙a = R(θ)va,
and of S = RT (θ)SR(θ), one can verify that (17) becomes
ft(θ) = F
T
gr(t)R(θ)e2 − ka|x˙rw(t)|
2[cL(αr) cos(αr + δ)
+ cD(αr) sin(αr + δ)], (27)
where Fgr is given by (18b),
αr = αr(θ, t) = θ − γr(t) + π − δ, (28)
γr by (22a), and x˙rw by (22b). From Eq. (27) note that
if |x˙rw(t)| = 0, then there exist at least two zeros for the
function ft(θ), i.e. at least two equilibrium orientations at
the time t. Thus, let us focus on the following case
|x˙rw(t)| 6= 0. (29)
It follows from (28) that at any fixed time t, there exists
an orientation θ0(t) = γr(t) − π + δ such that θ = θ0(t)
yields αr = 0, so θ = θ0(t) + π yields αr = π. Now, if
ft(θ0(t))ft(θ0(t) + π) ≤ 0, then there exists a zero for the
function ft(θ), and this zero belongs to [θ0(t), θ0(t)+π]: in
fact, the function ft(θ) changes sign on this domain and is
continuous versus θ. We are thus interested in the case when
the above inequality is not satisfied. Hence, assume also that
ft(θ0(t))ft(θ0(t) + π) > 0. (30)
Given the assumption that the body’s shape is symmetric,
one has cL(0) = cL(π) = 0. So, in view of (27), imposing
(30) divided by k2a|x˙rw(t)|
4 sin(δ)2, which we recall to be
assumed different from zero, yields
[at − cD(0)][cD(π) − at] > 0, (31)
where at :=
FTgr(t)R(θ0(t))e2
ka sin(δ)|x˙rw(t)|2
. Under the assumption that
cD(0) < cD(π), the inequality (31) implies that
cD(0) < at < cD(π). (32)
When the constraint (32) is satisfied, the inequality (30) holds
and we cannot (yet) claim the existence of an equilibrium
orientation at the time instant t. The following shows that
when the inequality (32) is satisfied, the existence of an
equilibrium orientation at the time instant t follows from the
symmetry of the body’s shape provided that the conditions of
Theorem 2 hold true. Recall that when the inequality (32) is
not satisfied, the existence of an equilibrium orientation at the
time t follows from the fact that ft(θ0(t))ft(θ0(t)+π) ≤ 0.
Now, under the assumption that the body’s shape is
symmetric, we have that Eqs. (6) hold. Let α¯ ∈ R+; then,
by using cD(α) = cD(−α), cL(α) = − cL(−α), and (27),
one verifies that (recall that θ = θ0(t) ⇒ αr(t) = 0, so
θ = θ0(t)± α¯⇒ αr(t) = ±α¯):
ft(θ0(t) − α¯)ft(θ0(t) + α¯) = ∆
2
a sin
2(δ)− Λ2b , (33)
∆a = ∆a(α¯) := [at − cD(α¯)] cos(α¯) + cL(α¯) sin(α¯), (34)
Λb(α¯) := [bt + cD(α¯) cos(δ)] sin(α¯) + cL(α¯) cos(α¯) cos(δ),
bt :=
FTgr(t)R(θ0(t))e1
ka|x˙rw(t)|2
. It follows from Eq. (33) that if
∀at : cD(0) < at < cD(π), ∃α¯a ∈ R : ∆a(α¯a) = 0, (35)
then there exists a zero for the function ft(θ), and this zero
belongs to [θ0(t)−α¯a, θ0(t)+α¯a] (the function ft(θ) would
change sign in this domain). The existence of an α¯a such
that (35) holds can be deduced by imposing that
∀at : cD(0) < at < cD(π), ∃α0, αs ∈ R, :
∆a(α0)∆a(αs) ≤ 0, (36)
which implies (35) with α¯a ∈ [α0, αs] since ∆a(α¯) is
continuous versus α¯. Now, in view of (34) note that ∀at :
cD(0) < at < cD(π) one has ∆a(0) > 0. Still from (34),
note also that ∀at : cD(0)<at< cD(π) one has
∆a(α¯) ≤ cD(π)| cos(α¯)| − cD(α¯) cos(α¯) + cL(α¯) sin(α¯).
If there exists αs ∈ (0, 90
◦) such that cL(αs) > 0 and
Cond. (16) ⇔ cL(αs) sin(αs)−[cD(αs)−cD(π)] cos(αs)≤0
then ∆a(αs) ≤ 0 and (36) holds with α0 = 0. Consequently,
there exists an angle α¯a such that (35) is satisfied and,
subsequently, an equilibrium orientation θe(t).
